Electrons have an intrinsic, indivisible, magnetic dipole aligned with their internal angular momentum (spin). The magnetic interaction between two electronic spins can therefore impose a change in their orientation. Similar dipolar magnetic interactions exist between other spin systems and have been studied experimentally. Examples include the interaction between an electron and its nucleus and the interaction between several multi-electron spin complexes [1] [2] [3] [4] [5] . The challenge in observing such interactions for two electrons is twofold. First, at the atomic scale, where the coupling is relatively large, it is often dominated by the much larger Coulomb exchange counterpart 1 . Second, on scales that are substantially larger than the atomic, the magnetic coupling is very weak and can be well below the ambient magnetic noise. Here we report the measurement of the magnetic interaction between the two ground-state spin-1/2 valence electrons of two 88 Sr 1 ions, cotrapped in an electric Paul trap. We varied the ion separation, d, between 2.18 and 2.76 micrometres and measured the electrons' weak, millihertz-scale, magnetic interaction as a function of distance, in the presence of magnetic noise that was six orders of magnitude larger than the magnetic fields the electrons apply on each other. The cooperative spin dynamics was kept coherent for 15 seconds, during which spin entanglement was generated, as verified by a negative measured value of 20.16 for the swap entanglement witness. The sensitivity necessary for this measurement was provided by restricting the spin evolution to a decoherence-free subspace that is immune to collective magnetic field noise. Our measurements show a d 23.0(4) distance dependence for the coupling, consistent with the inverse-cube law.
Electrons have an intrinsic, indivisible, magnetic dipole aligned with their internal angular momentum (spin). The magnetic interaction between two electronic spins can therefore impose a change in their orientation. Similar dipolar magnetic interactions exist between other spin systems and have been studied experimentally. Examples include the interaction between an electron and its nucleus and the interaction between several multi-electron spin complexes [1] [2] [3] [4] [5] . The challenge in observing such interactions for two electrons is twofold. First, at the atomic scale, where the coupling is relatively large, it is often dominated by the much larger Coulomb exchange counterpart 1 . Second, on scales that are substantially larger than the atomic, the magnetic coupling is very weak and can be well below the ambient magnetic noise. Here we report the measurement of the magnetic interaction between the two ground-state spin-1/2 valence electrons of two 88 
Sr
1 ions, cotrapped in an electric Paul trap. We varied the ion separation, d, between 2.18 and 2.76 micrometres and measured the electrons' weak, millihertz-scale, magnetic interaction as a function of distance, in the presence of magnetic noise that was six orders of magnitude larger than the magnetic fields the electrons apply on each other. The cooperative spin dynamics was kept coherent for 15 seconds, during which spin entanglement was generated, as verified by a negative measured value of 20.16 for the swap entanglement witness. The sensitivity necessary for this measurement was provided by restricting the spin evolution to a decoherence-free subspace that is immune to collective magnetic field noise. Our measurements show a d 23 .0(4) distance dependence for the coupling, consistent with the inverse-cube law.
Early during the twentieth century, a number of experiments indicated that the electron is more than just an electrically charged point particle. Introducing the electron spin and its accompanying magnetic moment explained a multitude of experimental observations, such as the finestructure spectrum of hydrogen, anomalous Zeeman splitting and the famous Stern-Gerlach experiment. Since then, the magnetic field of a single electron has been detected 6 and its magnetic dipole measured with unprecedented accuracy 7 . Because a single electron is a tiny magnet, every two electrons should influence each other's magnetic dipole orientation, just like magnets do. However, because electrons are indistinguishable particles, this interaction competes with the Coulomb spin-exchange forces which are dominant on the atomic scale. This can be resolved by increasing the inter-electron separation, d. Although the magnetic energy becomes dominant, it also decreases as d
23
. Therefore, such an approach can be fruitful only when accompanied by an appropriate increase in the magnetic dipole moment or an improvement in the measurement sensitivity. With recent advances in magnetometry on the scale of tens of nanometres, the magnetic interaction of two nitrogen-vacancy spin-1 defects in diamond has been observed to result in their entanglement 4 , and weak interaction strengths, as low as 60 Hz, have been measured 5 . A comparable magnetic interaction strength was observed between atoms in dipolar quantum gases 2, 3 , where the magnetic dipole of each atom ranged from six to ten times that of the electron.
In this work we used two trapped 88 Sr 1 ions, each with a single valence electron and no nuclear spin 8 . These bound electrons inherited the well-isolated environment of their ions along with a high degree of controllability (Methods Summary). Indeed, ions can be tightly confined and laser-cooled to their mechanical ground state 9 , allowing for the long interrogation times necessary for weak signal measurements. Examples include state-of-the-art detection of electric [10] [11] [12] and magnetic [13] [14] [15] [16] [17] fields, and the detection of gravitational time dilation 18 . The relative magnetic dipole correction imposed by using bound rather than free electrons is smaller than 0.0018% (ref. 19) , which is well below our reported sensitivity.
We now describe the magnetic dipolar interaction and competing noise. As shown in Fig. 1a , we aligned the external magnetic field along the line connecting the two ions. The spin part of the two-ion Hamiltonian can be written as
Here B is the Planck constant divided by 2p; s j,i is the j g {x, y, z} (1) describes the Zeeman shift of the spins' energy due to the magnetic field. The second and third terms are due to spin-spin interactions. The second term creates a shift in the resonance frequency of one spin that is conditioned on the state of the other, and was recently measured for the case of two nitrogenvacancy spin-1 defects 4, 5 . The third term results in a collective spin flip in which a spin excitation is exchanged. Owing to conservation of energy, for this term to be on-resonance and effective, the two spins have to be exactly degenerate, that is, B has to be exactly uniform. It is the third term which was at the focus of our experiment.
Ultimately, the ability to measure a weak magnetic spin-spin interaction is limited by collective external magnetic field fluctuations, described by the first term in equation (1) . Typical laboratory magnetic field noise amplitudes are of the order of 0.1 mT, which is equivalent to fluctuations of a few kilohertz in v A,i (i 5 1, 2). These are, however, six orders of magnitude greater than the spin-spin interaction strength.
A state-space solution can remedy the effect of these large magnetic fluctuations. It requires identifying a set of quantum states which are, on the one hand, sensitive to the desired signal, and, on the other hand, invariant under a certain class of noise processes. Previously this approach was used to measure magnetic field gradients 13, 14, 16 as well as narrow laser linewidths and the electric quadrupole shift of atomic transitions 10 .
Here we tailored the states to the magnetic dipolar interaction. The four eigenstates of the Hamiltonian in equation (1) are j""ae, j##ae and the two entangled Bell states Y + j i~:; j i+ ;:
. The first two eigenstates are twice as susceptible to magnetic field fluctuations than are the singlespin states, whereas the energy splitting between the latter two is 4hj and does not depend on B at all (see Fig. 1b for an energy level diagram). By restricting the spin-spin evolution to the decoherence-free subspace (DFS) spanned by jY 6 ae, it is possible to observe spin-spin interactions without susceptibility to spatially homogeneous magnetic noise.
Spin-spin interaction within the DFS takes a simple form which can be understood in terms of the geometric Bloch sphere representation shown in Fig. 1c . In this subspace, equation (1) takes the form H int 5 2Bj(j"#aeAE#"j 1 j#"aeAE"#j). The jY 6 ae states are invariant under the interaction (Fig. 1b) . All other states undergo rotation (Fig. 1c , solid blue arc) around the direction defined by jY 6 ae, hereafter referred to as the x direction (Fig. 1c) . Starting from the north pole (j"#ae), the system rotates through the fully entangled state x z ~: ; j izi ;: j i ð Þ ffiffi ffi 2 p and towards the south pole (j#"ae).
Even in the DFS, spatial inhomogeneity in the external magnetic field can obscure the spin-spin signal. By observing the energy separation between j"#ae and j#"ae and compensating for inhomogeneities with external coils, we were able to reduce the gradients to as low as =B 5 3.57 3 10 27 T m 21 (Supplementary Information). This, however, was still strong enough to lift the degeneracy between j"#ae and j#"ae by Dv A~( gm B =2B) +B ð Þd~2p|20 mHz, thus detuning the weak, millihertz, spin-spin coupling from resonance and resulting in the Hamiltonian H~H int z(B=2)Dv A :; j i :; h j{ ;: j i ;: h j ð Þ . In geometric terms, starting at the Bloch sphere north pole, the system state is rapidly rotated by the field gradient about the z axis (Fig. 1c, red arc) . This counteracts the slower revolution around x imposed by the spin-spin interaction, restricting its effect to a narrow region of solid angle ,p/400 sr near the north pole.
Using a train of spin echos, we were able to further reduce these excessive magnetic field inhomogeneities by two orders of magnitude, to a negligible level. During their magnetic spin-spin evolution, the two dipoles were flipped at a rate of f 0 5 2 Hz. In geometric terms, this corresponds to a train of 180u rotations about the x axis (Fig. 1c) . These collective rotations do not change the relative orientation of the spins, leaving the spin-spin interaction invariant (Fig. 1d , upper middle three spheres). The effect of the gradient, however, is averaged to zero because exchanging j"#ae and j#"ae is equivalent to constantly switching the sign of the magnetic field gradient (Fig. 1d , lower middle three spheres). This scheme is an adaptation of the quantum lock-in method 15 . We used parity analysis 20 to obtain a physical observable that is firstorder sensitive to the interaction strength and the experiment time. The parity observable measures the coherence between j"#ae and j#"ae. To estimate it, we applied the following experimental sequence (Fig. 1d) . The system state was initialized to j"#ae and then evolved under spinspin interaction to jy(T)ae 5 cos(2jT)j"#ae 1 isin(2jT)j#"ae. We then applied a controlled magnetic field gradient, adding a superposition phase w parity to yield y T ð Þ j i~cos 2jT ð Þ:; j izie iw parity sin 2jT ð Þ;: j i. The expectation value of parity was then estimated as AEparityae 5 P "" 1 P ## 2 P 1 , where P "" , P ## and P 1 ; P "# 1 P #" are the probabilities of finding the system in the respective states, measured projectively after performing a collective p/2 spin rotation (Supplementary Information). In this case, AEparityae 5 sin(4jT)sin(w parity ). The parity visibility, sin(4jT), is extracted either by scanning w parity (Fig. 1e) or by setting it to p/2. Geometrically, parity corresponds to the projection of the Bloch vector on the x axis (Fig. 1d , rightmost sphere) and its visibility corresponds to the projection of the Bloch vector on the equatorial plane (Fig. 1c, black double arrow) .
Measuring a weak, millihertz-scale, interaction requires an experiment duration of many seconds. Detection fidelity, however, deteriorates at these long times owing to ion motion heating, eventually limiting the experiment duration. As a result, the measured parity visibility reduces by a factor of a 5 1 2 4D(1 2 D), where D is the average of the j""ae and j##ae detection fidelities. Figure 2a shows the detection fidelities as a function of time for j""ae and j##ae at an inter-ion distance of d 5 2.4 mm. Although our measurement scheme was tailored to be first-order insensitive to heating, its residual effect degraded the detection fidelity from more than 0.95 at T 5 5 s to as low as 0.88 at T 5 25 s. These measurements are consistent with our measured heating rates, of ,10 quanta per second. Asymmetry in the detection scheme accounts for the fidelity of the j""ae measurement being better than that of the j##ae measurement. Similar detection fidelities are displayed in Fig. 2b as functions of ion separation, for a fixed T 5 15 s experiment time. As seen, detection 
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fidelity increases at lower inter-ion distances, corresponding to higher trap frequencies, where the effect of heating is known to be less pronounced 11 . A further, minor reduction in a by a factor of .0.98 is due to imperfect initialization. See Supplementary Information for a complete discussion of heating, detection and initialization as well as their effect on a.
We limited our experiment duration to T 5 15 s, beyond which the decrease in a compromises the increase in signal. Moreover, at the high trap voltages used, longer experiments resulted in a substantial ion loss from the trap owing to ion-crystal instabilities, thereby severely limiting the long averaging required to obtain statistical significance. The optimal 15-s duration chosen was still long enough for dephasing to potentially limit the observation of spin-spin interaction. Here dephasing within the DFS, for example due to residual noise in the magnetic field gradient, averages away the superposition relative phase between j"#ae and j#"ae. It results in a decreasing parity visibility as a function of time. To characterize this phase coherence, the system was initialized to Y z j i~:; j iz ;: j i ð Þ . ffiffi ffi 2 p using a Mølmer-Sørensen entangling gate 21 . This was followed by a wait of duration T while performing spin flips as in the actual spin-spin experiment, and ended with parity analysis. The state jY 1 ae was chosen because it is invariant under spin-spin coupling, while being sensitive to dephasing. Figure 2c displays the results for T 5 1 s and T 5 15 s using blue and red circles, respectively. A best fit to a cosine yields parity amplitudes of 0.81(5) (T 5 1 s) and 0.59(4) (T 5 15 s). A conservative estimate for coherence time, not taking detection fidelity into account, yields 44 6 12 s. Taking into account the degradation in detection, we cannot observe any statistically significant dephasing after 15 s.
We now turn to describing the main results of this letter. Figure 3 presents the parity measurements for two electronic spins undergoing magnetic dipolar interaction, at an inter-ion distance of d 5 2.4 mm. A parity oscillation of AEparityae 5 6asin(4jT)sin(w parity ) is expected, and will be positive when the initial state is j"#ae and negative for the initial state j#"ae. Figure 3a shows parity versus w parity for T 5 0.1 s, which is much shorter than the spin-spin coupling timescale. As expected, no significant parity oscillation amplitude is detected. The T 5 15 s longexperiment results are shown in Fig. 3b . Here the parity sinusoidal dependence becomes evident. The solid blue and red lines are calculated from theory without any adjustable parameters, showing good agreement with the measured data. Shaded areas represent measurement uncertainties in determining a. The theoretical interaction strength at the d 5 2.4 mm distance is j 5 2p 3 0.93 mHz, in agreement with a single-parameter best fit of the data to the above theory yielding j 5 2p 3 0.9(1) mHz. With the parity analysis sinusoidal dependence on w parity established, the parity visibility can be measured by fixing w parity 5 p/2, acquiring a single point rather than a complete sinusoidal fringe. In Fig. 3c we display visibility versus interaction time (blue circles), which is in agreement with the theoretical curve, visibility 5 asin(4jT) (blue line). 
RESEARCH LETTER
Although only partial entanglement is generated by spin-spin interaction after 15 s, it can still be observed by measuring a negative expectation value for a properly chosen entanglement witness 22 . Here we chose the swap operator, defined as swap ja, bae 5 jb, aae for any two single spin states jaae and jbae. In terms of the two spins' density matrix, AEswapae 5 P "" 1 P ## 2 visibility. Therefore, entanglement is proven by experimentally verifying that 20 P "" 1 P ## , visibility. We repeat the spin-spin experiment N 5 2,388 times, for d 5 2.4 mm, measuring visibility 5 0.28(2) and P "" 1 P ## 5 0.11 (1) . These conservative estimates, not taking the deterioration in detection fidelity into account, rendered the entanglement witness negative with good statistical significance: AEswapae 5 20.16 (2) . Here we assume a projection-noise-limited error in measured probabilities, supported by an Allen deviation analysis. Taking detection fidelity into account, using the calibration shown in Fig. 2a , our maximumlikelihood estimate renders AEswapae 5 20.41 (4) . See Supplementary Information for details of the maximum-likelihood estimation and the Allen deviation analysis.
Finally, the spin-spin interaction dependence on inter-electron distance is revealed by repeating the above measurement at different ion separations, d. Figure 4a shows the measured parity visibility (blue circles) versus d, in good agreement with theory (blue line): visibility 5 asin(4jT). Here a is extracted from the data shown in Fig. 2b , and decreases from a 5 0.84 at d 5 2.18 mm to a 5 0.70 at d 5 2.76 mm owing to the larger motion heating rates at lower trap frequencies. The 64% decrease in the visibility is thus a combined effect of the 17% decrease in a and the additional decrease in the spin-spin coupling constant, j.
We can therefore estimate j, using the measured parity visibility, and the independently measured a, as shown in Fig. 4b (blue circles) . A best fit to j 5 m 0 (gm B /2) 2 /4pBd n yields n 5 3.0(4), in agreement with the cubic dependence of magnetic spin-spin interactions. Our apparatus allowed for a relatively small variation in d. Shorter distances required operating the trap at voltages higher than 400 V, where trap instabilities limited our integration efforts. Larger inter-ion separations resulted in a diminishing signal-to-noise ratio. Therefore, improving our measurement uncertainty requires a redesign of the ion trap, targeted at highvoltage operation.
Because the measured interaction is very weak, it requires ruling out competing spurious effects. Specifically, the ions' motion in the trap due to heating translates to a magnetic field in the ions' rest frame. Although this cannot lead to spin entanglement, it could contribute to the parity signal. However, because such a field would oscillate at trap frequencies which are all below 5 MHz, it would couple non-resonantly to the spins whose resonant frequency is ,13.16 MHz. In Supplementary Information we quantitatively rule out this effect, as well as other possible competing phenomena. These include inter-ion distance fluctuations, quantization axis misalignment, radio-frequency electrode leakage and trap-electrodegenerated magnetic field gradients.
We have used a combination of techniques, originally developed for the protection of quantum information, to measure the weak spin-spin magnetic interaction. Future improvements of this experiment may suggest a new platform for the exploration of anomalous spin forces 23 on the micrometre scale. The use of DFSs, which was central to our approach, is not restricted to the specifics of the reported experiment and they could be used in other metrological scenarios 10, 16 . Quantum information processing continues to drive metrology with recent proposals [24] [25] [26] [27] that harness quantum error correction for sensitive measurements.
METHODS SUMMARY
Our apparatus enabled us to place the electronic spins at a controlled distance from one another, as well as to initialize, manipulate and detect their internal spin state with high fidelity. Details of the set-up are found in ref. 8 as well as in the Supplementary Information. Briefly, a Coulomb crystal of two ions was formed in an electrical Paul trap 9 with Doppler cooling. We used external voltages to push the ions against their Coulomb repulsion (Fig. 1a) , thus controlling the inter-ion separation, d. The minimal distance attained was limited by our ability to maintain stable ion crystals without incurring a trap voltage breakdown. The inter-ion distance is the difference between the equilibrium positions of two charged particles trapped in a harmonic trap, , the valence electron spin states are j"ae 5 j5s 1/2 , J 5 1/2, M J 5 1/2ae and j#ae 5 j5s 1/2 , J 5 1/2, M J 5 21/2ae. State initialization to j""ae was done by optical pumping. We were able to perform all possible collective spin rotations by pulsing a resonant radio-frequency magnetic field and tuning the pulse duration and the radio-frequency field phase. State detection was performed by state-selective fluorescence, distinguishing j""ae and j##ae from one another and from both j#"ae and j"#ae, which were indistinguishable 28 . All these collective operations had typical fidelities of more than 98%. We used inhomogeneities in the ion trap potential to perform differential spin rotations 29, 30 , and were able to generate, for example, j"#ae with a typical fidelity of more than 98%. Finally, we were able to generate the entangled states Y + j i~:; j i+ ;: j i ð Þ ffiffi ffi 2 p using a Mølmer-Sørensen entangling gate with a typical fidelity of 95% (ref. 21). Error bars indicate projection noise. Solid line is spin-spin theory without adjustable parameters, taking preparation and detection fidelities into account, as characterized in Fig. 2b . Shaded blue area is a 1-s.d. interval for the solid line theory, due to the uncertainties in characterizing the preparation and detection fidelities. b, Spin-spin coupling strength j versus ion separation (log-log scale). Blue dots are extracted from a, using visibility 5 asin(4jT). The visibility degradation factor, a, is extracted from the data in Fig. 2b . Error bars are 1-s.d. estimates due to projection noise in both the measurements and in the extraction of a. The error bar for the d 5 2.75 mm point is slightly larger owing to the corresponding decrease in a. Solid black line is spin-spin theory without any adjustable parameters. A linear best fit to j 5 m 0 (gm B /2)
